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Abstract

The theory of Domination in graphs is a
rapidly growing area of research in Graph
Theory. Domination in graphs has
applications to several fields such as school
bus routing, computer communication
networks, Facility location problems, locating
radar stations problem etc. Recently
dominating functions in domination theory
have received much attention. The concept of
total unidominating function was introduced
in [6]. The total unidominating functions of a
cycle were studied in [7]. In this paper the
authors define a graph named as 3-
regularised wheel and study the total
unidominating functions of this graph and
determined its total unidomination number
and the number of total unidominating
functions with minimum weight.

Key words: Wheel, 3-regularized wheel, total
unidominating function, total unidomination
number.

1. INTRODUCTION

Graph theory has in numerous
applications in different areas such as Physical
Sciences, Biological Sciences and other branches
of Mathematics etc. In addition, graph theory
plays an important role in several areas of
computer science such as switching theory,
logical design etc.

Theory of domination is an important
branch of graph theory that has applications in to
several fields such as School bus routing,
Computer communication networks, Facility
location problems, Locating radar stations
problem etc. Domination and its properties have

been extensively studied by T.W.Haynes et.al [1,
2].

Recently dominating functions in domination
theory have received much attention. Hedetniemi
et.al.[ 3 ] introduced the concept of dominating
function. The concept of total dominating
functions was introduced by Cockayne et al. [4].
Some inequalities relating to domination
parameters in cubic graphs were studied in [5].
The concept of total unidominating function is
introduced and studied the total unidominating
functions of a path in [6], total unidominating
functions of a cycle in [7].

In this paper we define a graph named as 3-
regularised wheel and find the total
unidomination number of a 3-regularised wheel,
the number of total unidominating functions with
minimum weight. Further the results obtained
are illustrated.

3- Regularized wheel is defined as “A
graph formed from W, ,, by replacing the center
of W, , by a cycle C, and each of the remaining
n vertices in Wy ,, are replaced by cycles C; ”.
2. TOTAL UNIDOMINATING

FUNCTIONS AND TOTAL
UNIDOMINATION NUMBER
In this section the concepts of total

unidominating function and total unidomination
number are introduced and defined as follows:

Definition 2.1: Let G(V,E) be a connected
graph. A function f: V — {0,1} is said to be a
total unidominating function, if
fwy=1vveVand f(v) =1,
UEN(v)
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Z f(w)=1vveVand f(v) =0,
UEN (v)
where N(v) is the open neighbourhood of the
vertex v.

Definition 2.2: The total unidomination
number of a connected graph G (V, E) is defined
as

min{f(V)/f is a total unidominating function}.

It is denoted by y,,,(G).
Here f(V) = Y,ev f () is called as the weight
of the total unidominating function f.

3. TOTAL UNIDOMINATION NUMBER
OF A 3- REGULARIZED WHEEL
Theorem 3.1: The total unidomination number
of a 3-regularized wheel is y,,(C,) + n.
Proof: Let W, be awheel and C, be the cycle
replacing the center of
W, , and C3,CZ, ..., CJrare the cycles replacing
the n vertices in Wy ,, respectively.
Let Up, Uy e ene ,u, be the wvertices in
C,, and vy,v,,....,v, be the  vertices
inC%,Cz,...,C} respectively which are adjacent
to  ug,uy, ... ,U,  respectively. Let
Wi, Wy} Wg, Wy ... Wopn_q1, W, DE the remaining
vertices in C3 C%, ..., C¥ respectively.
Here d(w;) = d(v;) = d(wy) = d(Wpi—1) =
3fori=12..,n
Let g be a unidominating function of C,, with
minimum weight y,,(C,,). where y,,(C,,) is the
unidomination number of the cycle C,, obtained
in [8].
Define a function f:V — {0,1} by
f)
g) when v = u;, i=12,..,n,
1 whenv =v; and g(u;) =1,
1 whenv =wy,wyyy and g(u) = g(ui4q) =0,
0 otherwise.

Now we prove that f is a total unidominating
function.

Case 1: Let g(u;)) =1 for
1,2,...,n.Then it follows that
fw) =1,fw) =1, f(wy) =0, f(Wyi41) = 0.
Then f@) = fui—q) + fuigg) + f(01)

UEN (u;)

some i =

>f(vy) =1
D @) = @) + fOwain) + fw)

UEN (v;)
=1+0+0=1.

f) = fvi) + f(Wzi-2) + f(W2)

UEN (W2i-1)
=14+04+0=1.
f@) =fW) + fwai—q) + f(Wai41)
Uu€eN (wy;)
=14+0+0=1.
Case 2: Let gw;) =0 and g(uj4q) =

0 for somei = 1,2,...,n. Then it follows that
f(ui) = O,f(Ui) = O!f(WZi—l) = Olf(WZi)
=1,f(Wzi41) = 1, f(Wpi42) = 0.
Then > f(w) = fuiy) + f(uis) + f@)
UEN (u;)
) =14+0+0=1.

f@) = fQu) + f(wai1) + f(W2y)

UEN (v;)

—0+04+1=1,
f) = fuip1) + fWaiq) + f(Wais2)
UEN (Vi41)
=0+1+0=1,
f) = fwa) + f(Wis1) + f(Wair2)
UEN(W2i+1)
—1+0+0=1,
f@) = f(Wais1) + f(Vis1)
UEN (W2i+2)

+ f(Wyip3) =1+0+0=1.
From Case 1 and Case 2 it follows that f is a total
unidominating function.
From the deflnltlon of f, we have

Zﬂuo Zg(u) = (G, Zf(vl

2 9D = (G,

Zf(WZL )+ Zf(WZL)

1
E n

_zn:g(ui) +n _zn:g(ui)>
i=1 i=1

zyu(cn)] =n- Vu(Cn)

Therefore Z fw) = Zf(ul) + Zf(v )

uev

* Zf(wh D+ Zf(wzo

- Vu(Cn) + yu(Cn) + n—="%u (Cn) =Yu (Cn) +n.
By the definition of total unidomination number, it
follows that

Yiu(3 — regularised wheel)

< Vu(Cn) tn——-— (1)

1
=—[2n—
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Let f be a total unidominating function.

Then f has the following properties.

1. Iff(u) =0and f(u_1) =1or flu) =1
then f(v;) must be 0 and
f(wy) = 1or f(wy;,1) = 1respectively.
Otherwise if f(u;) =0 and both
of
f(ui-1), f (ui41) are 0 then f(vy), f (wy;-1),
f(wy;) must be 1.

2. If f(w;) =1 and both of f(u;_q), f(u;4q)are
0 thenf (v;) must be 1.

Let k, be the number of u;s such that

fw) =
0 and any one of f(u;_;), f(u;41) is 1 then
0< kl =n-— Vu(Cn) and Zkl f(vi) +

fwyi_q) + f(wy) = ky for these k, sets of
vertices (v;, wy;_1,W5;) Where i is such that
f(w)=0
and f(ui—1) =1 or f(uy,) = 1.

Let k, be the number of wu;s such that f(u;) =
0

and f(uj—1) = f(u;41) =0 then 0<k, <n
and X, f (i) + f(wyi—q) + f(wy;) = 3k, for
these k, sets of vertices (v;, wyp;_1, w;), Where

i is such that f(u)=0and f(u;_4) =
f(uis1) = 0.
Then there are n— (k; + k,)u;s such that
f(u;) =1and

X))+ f(wyim) + fwy) =2n— (kg +

k,) for these n — (k, + k,) sets of vertices

(vi, wq;_1, wy;)Where i is such that f(u;) = 1.
Therefore f(V)

= i f(u)
i=1

£ F@D) + fwiy) + f W)
k1

£ @)+ fWaios) + fwz)
k>

Y @)+ )
n—(k,+ky)
+ f(wap)
= Tl—(k1+k2)+k1+3k2+n—(k1+k2)
=2n—ky +k,
= 2n - (Tl - Vu(Cn)) +hkyz2n— Vu(Cn)-
Since f is defined arbitrarily, it follows that
Y (3 — regularised wheel)
2 Vu(Cn) +n——-(2)
Therefore from the inequalities (1) and (2), we get
Y (3 — regularized wheel) =y, (C,) + n.

Theorem 3.2: The number of total
unidominating functions of a 3-regularized
wheel with minimum weight y,,(C,,) + n is the

number of unidominating functions of C,, with
minimum weigh v, (C,,).

Proof: Consider the total unidominating
function f with minimum weight y,(C,) +n
given in Theorem 3.1.  As the function f is
given in terms of g, a unidominating function of
C,, it is clear that the number of total
unidominating functions of 3 - regularized graph
with minimum weight is equal to the number of
unidominating functions of C,, with minimum
weight.

Therefore the number of total unidominating
functions of a 3- regularized wheel are
(3 when n = 0(mod 3),

n when n = 1(mod 3),
4n(l + FJ) when n =2(mod3),n+ 8
L e

12 when n=8.
Now we verify that whether there is any other
total unidominating function with minimum
weight.

Let f be a total unidominating function. Then
we have proved in Theorem 3..1 that

fV) = 2n—ky + k.
If k; =k, = Othenf(V) = 2n > y,(C,) + n.
If ky = 0,k, > 0 then f(V) > 2n > y,(C,) +
n.
If ky <n—y,(C,),k; >0 then f(V) = 2n—
ki+ky, >2n—n+vy,(C) =v.(C) +n.
In the above three cases we have f(V) >
Y (C,) + n. Therefore f is not a function with
minimum weight.
If iy, =n—y,(C),k, =0 then f(V)=
¥ (C,) + n and this function coincides with one
of the above said functions.
Therefore there is no other total unidominating
function with minimum weight.

4 ILLUSTRATIONS
Example 4.1:The functional values of a total
unidominating functions of a 3- regularized
wheel formed from W,,, are given at the
corresponding vertices.

3- regularized wheel formed from W 5,
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Total unidomination number of 3- regularized
wheel formed from W12z is
Yeu (3 — regularised wheel ) = y,,(C,5) + 22

22
= [?]+22 =8+ 22 =30.

There are 22 total unidominating functions of the
3-regularized wheel formed from W, ,, having
the minimum weight 30. =

Example 4.2:The functional values of a total
unidominating functions of a 3- regularised
wheel formed from W, 5 are denoted at the
corresponding vertices.

3-Regular wheel formed from Wy 15

Total unidomination number of the regular wheel
formed from W, ;5is
Yeu (3 — regular wheel ) = y,,(Cy5) + 15

= 20.
Number of total unidominating functions of the
3-regularized wheel formed from W, ;5 having
the minimum weight 20 are 3. =
Example 4.3: The functional values of a total
unidominating functions of a 3- regularized
wheel formed from W,g are denoted at the
corresponding vertices.

3-Regular wheel formed from W, g

Total unidomination number of the regular wheel
formed from W, gis

ytu(3 —regular wheel formed from W1,8)
=y,(Cg) +8 =12.

Number of total unidominating functions of the

3-regular wheel formed from W, g having the

minimum weight 12 are 12.

5.CONCLUSION
This work gives a scope to find upper total
unidomination number and the number of
minimal total unidominating function with
maximum weight of a 3-regularized wheel.
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