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Abstract 
The theory of Domination in graphs is a 
rapidly growing area of research in Graph 
Theory.  Domination in graphs has 
applications to several fields such as school 
bus routing, computer communication 
networks, Facility location problems, locating 
radar stations problem etc. Recently 
dominating functions in domination theory 
have received much attention. The concept  of 
total unidominating function was   introduced 
in [6].  The total unidominating functions of a 
cycle were studied in [7].  In this paper the 
authors define a graph named as 3-
regularised wheel and study the total 
unidominating functions of this graph and 
determined its  total unidomination number 
and the number of total unidominating 
functions with minimum weight. 
Key words: Wheel, 3-regularized wheel, total 
unidominating function, total unidomination 
number. 
 

1. INTRODUCTION 
Graph theory has in numerous 

applications in different areas such as Physical 
Sciences, Biological Sciences and other branches 
of Mathematics etc.  In addition, graph theory 
plays an important role in several areas of 
computer science such as switching theory, 
logical design etc.  
           Theory of domination is an important 
branch of graph theory that has applications in to 
several fields such as School bus routing, 
Computer communication networks, Facility 
location problems, Locating radar stations 
problem etc. Domination and its properties have 
 

 

been extensively studied by T.W.Haynes et.al [1, 
2]. 
Recently dominating functions in domination 
theory have received much attention. Hedetniemi 
et.al.[ 3 ] introduced the concept of dominating 
function.  The concept of total dominating 
functions was introduced by Cockayne et al. [4].  
Some inequalities relating to domination 
parameters in cubic graphs were studied in [5].  
The concept of total  unidominating function is 
introduced and studied the total unidominating 
functions of a path in [6], total unidominating 
functions of a cycle in [7].  
 In this paper we define a graph named as 3-
regularised wheel and find the total 
unidomination number of a 3-regularised wheel, 
the number of total unidominating functions with 
minimum weight.  Further the results obtained 
are illustrated. 

3- Regularized wheel is defined as “A 
graph formed from ଵܹ,௡ by replacing the center 
of ଵܹ,௡ by a cycle ܥ௡ and each of the remaining 
n vertices in ଵܹ,௡ are replaced by cycles  ܥଷ ”.   
2.  TOTAL UNIDOMINATING 
FUNCTIONS AND TOTAL 
UNIDOMINATION NUMBER 
 In this section the concepts of total 
unidominating function and total unidomination 
number are introduced and defined as follows: 
 
Definition 2.1:  Let ܩሺܸ, ሻܧ  be a connected 
graph. A function ݂:	ܸ → ሼ0,1ሽ  is said to be a 
total unidominating function, if 

෍ ݂ሺݑሻ
௨∈ேሺ௩ሻ

൒ ݒ	∀		1 ∈ ܸ	ܽ݊݀	݂ሺݒሻ ൌ 1,	
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෍ ݂ሺݑሻ ൌ ݒ	∀		1 ∈ ܸ		ܽ݊݀		݂ሺݒሻ ൌ 0,
௨∈ேሺ௩ሻ

 

where 	ܰሺݒሻ  is the open neighbourhood of the 
vertex  ݒ. 
 
Definition  2.2:  The total unidomination 
number of a connected graph ܩሺܸ,  ሻ is definedܧ
as 
minሼ݂ሺܸሻ ݂⁄ is	a	total	unidominating	functionሽ.
It is denoted by  ߛ௧௨ሺܩሻ. 
Here		݂ሺܸሻ ൌ ∑ ݂ሺݑሻ௨∈௏ is	called as the weight 
of the total	unidominating 	function		݂. 
 
3. TOTAL UNIDOMINATION NUMBER 
OF A 3- REGULARIZED WHEEL 
Theorem 3.1: The total unidomination number 
of a 3-regularized wheel is ߛ௨ሺܥ௡ሻ ൅ ݊. 
Proof:  Let  ଵܹ,௡ be a wheel and ܥ௡ be the cycle 
replacing the center of 

ଵܹ,௡	ܽ݊݀	ܥଷ	
ଵ , ଷܥ

ଶ, … , ଷܥ
௡are the cycles replacing 

the n  vertices in ଵܹ,௡  respectively. 
Let   ݑଵ, ,ଶݑ …… , ௡ݑ be the vertices in 
,௡ܥ ,ଵݒ		݀݊ܽ	 ,ଶݒ … . . , ௡ݒ be the vertices 
inܥଷ	

ଵ , ଷܥ
ଶ, … , ଷܥ

௡  respectively which are adjacent 
to ,ଵݑ ,ଶݑ …… , ௡ݑ  respectively.  Let 
…;ସݓ,ଷݓ;ଶݓ,ଵݓ ,ଶ௡ିଵݓ; ଶ௡ݓ be the remaining 
vertices in ܥଷ,

ଵܥଷ
ଶ, … , ଷܥ

௡ respectively. 
Here   ݀ሺݑ௜ሻ ൌ ݀ሺݒ௜ሻ ൌ ݀ሺݓଶ௜ሻ ൌ ݀ሺݓଶ௜ିଵሻ ൌ
3	 for		݅ ൌ 1,2, … , ݊. 
Let ݃  be a unidominating function of ܥ௡  with 
minimum weight ߛ௨ሺܥ௡ሻ.  where ௡ሻܥ௨ሺߛ  is the 
unidomination number of the cycle ܥ௡  obtained 
in [8]. 
Define a function ݂: ܸ → ሼ0,1ሽ  by  
							݂ሺݒሻ 				

ൌ ൞

݃ሺݒሻ																								݄݊݁ݓ	ݒ ൌ ,௜ݑ ݅ ൌ 1,2, … , ݊,
ݒ	݄݊݁ݓ																									1 ൌ ௜ሻݑ݃ሺ	ܽ݊݀		௜ݒ ൌ 1,

ݒ	݄݊݁ݓ					1 ൌ ,ଶ௜ݓ ௜ሻݑ݃ሺ	ܽ݊݀			ଶ௜ାଵݓ ൌ ݃ሺݑ௜ାଵሻ ൌ 0,
.݁ݏ݅ݓݎ݄݁ݐ݋																																																						0

 

 
Now we prove that ݂  is a total unidominating 
function. 
Case 1:  Let ݃ሺݑ௜ሻ ൌ 1  for some ݅ ൌ
1,2, . . . , ݊.Then  it follows that  
݂ሺݑ௜ሻ ൌ 1, ݂ሺݒ௜ሻ ൌ 1, ݂ሺݓଶ௜ሻ ൌ 0, ݂ሺݓଶ௜ାଵሻ ൌ 0. 

Then			 ෍ ݂ሺݑሻ
௨∈ேሺ௨೔ሻ

ൌ ݂ሺݑ௜ିଵሻ ൅ ݂ሺݑ௜ାଵሻ ൅ ݂ሺݒ௜ሻ

൒ ݂ሺݒ௜ሻ ൌ 1.	

෍ ݂ሺݑሻ
௨∈ேሺ௩೔ሻ

ൌ ݂ሺݑ௜ሻ ൅ ݂ሺݓଶ௜ିଵሻ ൅ ݂ሺݓଶ௜ሻ

ൌ 1 ൅ 0 ൅ 0 ൌ 1.	

෍ ݂ሺݑሻ ൌ ݂ሺv௜ሻ ൅ ݂ሺwଶ௜ିଶሻ ൅ ݂ሺwଶ௜ሻ
௨∈ேሺ௪మ೔షభሻ

ൌ 1 ൅ 0 ൅ 0 ൌ 1. 

෍ ݂ሺݑሻ
௨∈ேሺ௪మ೔ሻ

ൌ ݂ሺݒ௜ሻ ൅ ݂ሺݓଶ௜ିଵሻ ൅ ݂ሺݓଶ௜ାଵሻ

ൌ 1 ൅ 0 ൅ 0 ൌ 1. 
Case 2: Let  ݃ሺݑ௜ሻ ൌ 0		ܽ݊݀		݃ሺݑ௜ାଵሻ ൌ
0	for	some	i ൌ 1,2, … , ݊.	  Then it follows that  
݂ሺݑ௜ሻ ൌ 0, ݂ሺݒ௜ሻ ൌ 0, ݂ሺݓଶ௜ିଵሻ ൌ 0, ݂ሺݓଶ௜ሻ

ൌ 1, ݂ሺݓଶ௜ାଵሻ ൌ 1, ݂ሺݓଶ௜ାଶሻ ൌ 0. 

Then			 ෍ ݂ሺݑሻ
௨∈ேሺ௨೔ሻ

ൌ ݂ሺݑ௜ିଵሻ ൅ ݂ሺݑ௜ାଵሻ ൅ ݂ሺݒ௜ሻ

ൌ 1 ൅ 0 ൅ 0 ൌ 1.	

෍ ݂ሺݑሻ
௨∈ேሺ௩೔ሻ

ൌ ݂ሺu௜ሻ ൅ ݂ሺwଶ௜ିଵሻ ൅ ݂ሺwଶ௜ሻ

ൌ 0 ൅ 0 ൅ 1 ൌ 1, 

෍ ݂ሺݑሻ
௨∈ேሺ௩೔శభሻ

ൌ ݂ሺu௜ାଵሻ ൅ ݂ሺwଶ௜ାଵሻ ൅ ݂ሺwଶ௜ାଶሻ

ൌ 0 ൅ 1 ൅ 0 ൌ 1, 

෍ ݂ሺݑሻ
௨∈ேሺ௪మ೔శభሻ

ൌ ݂ሺݓଶ௜ሻ ൅ ݂ሺݒ௜ାଵሻ ൅ ݂ሺݓଶ௜ାଶሻ 	

ൌ 1 ൅ 0 ൅ 0 ൌ 1, 

෍ ݂ሺݑሻ
௨∈ேሺ௪మ೔శమሻ

ൌ 	݂ሺݓଶ௜ାଵሻ ൅ ݂ሺݒ௜ାଵሻ

൅ ݂ሺݓଶ௜ାଷሻ 	ൌ 1 ൅ 0 ൅ 0 ൌ 1. 
From Case 1 and Case 2 it follows that ݂ is a total 
unidominating function. 
 From the definition of ݂, we have 

෍݂ሺݑ௜ሻ ൌ

௡

௜ୀଵ

෍݃ሺݑ௜ሻ ൌ ,௡ሻܥ௨ሺߛ

௡

௜ୀଵ

෍݂ሺݒ௜ሻ
௡

௜ୀଵ

ൌ෍݃ሺݑ௜ሻ ൌ ,௡ሻܥ௨ሺߛ

௡

௜ୀଵ

 

෍݂ሺݓଶ௜ିଵሻ
௡

௜ୀଵ

൅෍݂ሺݓଶ௜ሻ
௡

௜ୀଵ

ൌ
1
2
൭݊

െ෍݃ሺݑ௜ሻ ൅ ݊ െ෍݃ሺݑ௜ሻ
௡

௜ୀଵ

௡

௜ୀଵ

൱ 

ൌ
1
2
ሾ2݊ െ ௡ሻሿܥ௨ሺߛ2 ൌ ݊ െ  .௡ሻܥ௨ሺߛ

Therefore						෍ ݂ሺݑሻ ൌ෍݂ሺ

௡

௜ୀଵ௨∈௏

௜ሻݑ ൅෍݂ሺݒ௜ሻ
௡

௜ୀଵ

൅෍݂ሺݓଶ௜ିଵሻ
௡

௜ୀଵ

൅෍݂ሺݓଶ௜ሻ
௡

௜ୀଵ

 

௡ሻܥ௨ሺߛ  =  ൅ ௡ሻܥ௨ሺߛ ൅ ݊ െ ௡ሻܥ௨ሺߛ ൌ ௡ሻܥ௨ሺߛ ൅ ݊. 
By the definition of total unidomination number, it 
follows that 

௧௨ሺ3ߛ െ ሻ݈݄݁݁ݓ	݀݁ݏ݅ݎ݈ܽݑ݃݁ݎ
൑ ௡ሻܥ௨ሺߛ ൅ ݊ െ െ െ ሺ1ሻ 
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Let ݂ be a total unidominating function. 
Then ݂ has the following properties. 
1. If ݂ሺݑ௜ሻ ൌ 0	and	݂ሺݑ௜ିଵሻ ൌ ௜ାଵሻݑሺ݂		ݎ݋	1 ൌ 1 

	then	݂ሺݒ௜ሻ	must	be	0 and   
݂ሺݓଶ௜ሻ ൌ ଶ௜ାଵሻݓሺ݂	ݎ݋	1 ൌ 1	respectively. 
Otherwise if ݂ሺݑ௜ሻ ൌ 0	 and both 
of
	݂ሺݑ௜ିଵሻ, ݂ሺݑ௜ାଵሻ	are	0	then	݂ሺݒ௜ሻ, ݂ሺݓଶ௜ିଵሻ,	 
݂ሺݓଶ௜ሻ must be 1. 

2. If ݂ሺݑ௜ሻ ൌ 1	 and both of 	݂ሺݑ௜ିଵሻ, ݂ሺݑ௜ାଵሻ are 
0	then݂ሺݒ௜ሻ must be 1. 

Let ݇ଵ be the number of  ݑ௜ݏ such that 
 ݂ሺݑ௜ሻ ൌ
0	and	any	one	of	݂ሺݑ௜ିଵሻ, ݂ሺݑ௜ାଵሻ	is	1  then 
0 ൑ ݇ଵ ൑ ݊ െ ௡ሻܥ௨ሺߛ  and ∑ ݂ሺݒ௜ሻ ൅௞భ
݂ሺݓଶ௜ିଵሻ ൅ ݂ሺݓଶ௜ሻ ൌ ݇ଵ  for these ݇ଵ  sets of 
vertices  ሺݒ௜, ,ଶ௜ିଵݓ ଶ௜ሻݓ   where ݅  is such that 
݂ሺݑ௜ሻ ൌ 0 

	ܽ݊݀		݂ሺݑ௜ିଵሻ ൌ ௜ାଵሻݑሺ݂	ݎ݋						1 ൌ 1. 
Let ݇ଶ be the number of  ݑ௜ݏ such that ݂ሺݑ௜ሻ ൌ
0	 
and		݂ሺݑ௜ିଵሻ ൌ 	݂ሺݑ௜ାଵሻ ൌ 0	  then 0 ൑ ݇ଶ ൑ ݊   
and   ∑ ݂ሺݒ௜ሻ ൅ ݂ሺݓଶ௜ିଵሻ ൅ ݂ሺݓଶ௜ሻ௞మ ൌ 3݇ଶ for 
these ݇ଶ sets of vertices  ሺݒ௜, ,ଶ௜ିଵݓ   where	ଶ௜ሻ,ݓ
݅  is such that ݂ሺݑ௜ሻ ൌ 0	ܽ݊݀		݂ሺݑ௜ିଵሻ ൌ
	݂ሺݑ௜ାଵሻ ൌ 0. 
Then there are ݊ െ ሺ݇ଵ ൅ ݇ଶሻݑ௜ݏ  such that 
݂ሺݑ௜ሻ ൌ 1 and 
∑݂ሺݒ௜ሻ ൅ ݂ሺݓଶ௜ିଵሻ ൅ ݂ሺݓଶ௜ሻ ൒ ݊ െ ሺ݇ଵ ൅
݇ଶሻ for these ݊ െ ሺ݇ଵ ൅ ݇ଶሻ  sets of vertices  
ሺݒ௜, ,ଶ௜ିଵݓ ௜ሻݑଶ௜ሻwhere ݅ is such that ݂ሺݓ ൌ 1. 

Therefore		݂ሺܸሻ

ൌ෍݂ሺݑ௜ሻ
௡

௜ୀଵ

൅෍݂ሺݒ௜ሻ ൅ ݂ሺݓଶ௜ିଵሻ ൅ ݂ሺݓଶ௜ሻ
௞భ

 

 

																		൅෍݂ሺݒ௜ሻ ൅ ݂ሺݓଶ௜ିଵሻ ൅ ݂ሺݓଶ௜ሻ
௞మ

൅ ෍ ݂ሺݒ௜ሻ ൅ ݂ሺݓଶ௜ିଵሻ
௡ିሺ௞భା௞మሻ

൅ ݂ሺݓଶ௜ሻ 
൒ 	݊ െ ሺ݇ଵ ൅ ݇ଶሻ ൅ ݇ଵ ൅ 3݇ଶ ൅ ݊ െ ሺ݇ଵ ൅ ݇ଶሻ

ൌ 2݊ െ ݇ଵ ൅ ݇ଶ 
൒ 2݊ െ ൫݊ െ ௡ሻ൯ܥ௨ሺߛ ൅ ݇ଶ ൒ ݊ െ  .௡ሻܥ௨ሺߛ

Since  ݂  is defined arbitrarily, it follows that   
௧௨ሺ3ߛ																		 െ ሻ݈݄݁݁ݓ	݀݁ݏ݅ݎ݈ܽݑ݃݁ݎ

൒ ௡ሻܥ௨ሺߛ ൅ ݊ െ െ െ ሺ2ሻ 
Therefore from the inequalities (1) and (2), we get 
௧௨ሺ3ߛ	 െ ሻ݈݄݁݁ݓ		݀݁ݖ݅ݎ݈ܽݑ݃݁ݎ ൌ ௡ሻܥ௨ሺߛ ൅ ݊. 

Theorem 3.2: The number of total 
unidominating functions of a 3-regularized 
wheel with minimum weight ߛ௨ሺܥ௡ሻ ൅ ݊ is the 

number of unidominating functions of ܥ௡  with 
minimum weigh ߛ௨ሺܥ௡ሻ. 
Proof: Consider the total unidominating 
function ݂  with minimum weight  ߛ௨ሺܥ௡ሻ ൅ ݊ 
given in Theorem 3.1.   As the function ݂  is 
given in terms of ݃, a unidominating function of  
,௡ܥ  it is clear that the number of  total 
unidominating functions of 3 - regularized graph 
with minimum weight is equal to  the number of 
unidominating functions of ܥ௡  with minimum 
weight. 
Therefore the number of total unidominating 
functions of a 3- regularized wheel are 

ە
ۖ
۔

ۖ
ۓ ݊				݄݊݁ݓ																																			3 ≡ 0ሺ݉݀݋	3ሻ,
݊		݄݊݁ݓ																																						݊ ≡ 1ሺ݉݀݋	3ሻ,

݊ ቀ1 ൅ ቔ
݊
6
ቕቁ ݊				݄݊݁ݓ				 ≡ 2ሺ݉݀݋	3ሻ, ݊ ് 8,

݊							݄݊݁ݓ																																															12 ൌ 8.

 

Now we verify that whether there is any other 
total unidominating function with minimum 
weight. 
Let ݂  be a total unidominating function.  Then 
we have proved in Theorem 3..1 that  

݂ሺܸሻ ൒ 	2݊ െ ݇ଵ ൅ ݇ଶ. 
If		݇ଵ ൌ ݇ଶ ൌ 0then݂ሺܸሻ ൒ 	2݊ ൐ ௡ሻܥ௨ሺߛ ൅ ݊. 
If		݇ଵ ൌ 0, ݇ଶ ൐ 0 then ݂ሺܸሻ ൐ 	2݊ ൐ ௡ሻܥ௨ሺߛ ൅
݊. 
If		݇ଵ ൏ ݊ െ ,௡ሻܥ௨ሺߛ ݇ଶ ൐ 0 then ݂ሺܸሻ ൒ 	2݊ െ
݇ଵ ൅ ݇ଶ ൐ 2݊ െ ݊ ൅ ௡ሻܥ௨ሺߛ ൌ ௡ሻܥ௨ሺߛ ൅ ݊. 
In the above three cases we have ݂ሺܸሻ ൐
௡ሻܥ௨ሺߛ ൅ ݊.  Therefore ݂	is not a function with 
minimum weight. 
If		݇ଵ ൌ ݊ െ ,௡ሻܥ௨ሺߛ ݇ଶ ൌ 0 then ݂ሺܸሻ ൌ
௡ሻܥ௨ሺߛ ൅ ݊ and this function coincides with one 
of the above said functions.   
Therefore there is no other total unidominating 
function with minimum weight. 

 
4   ILLUSTRATIONS 

Example 4.1:The functional values of a  total 
unidominating functions of a 3- regularized 
wheel formed from  ଵܹ,ଶଶ   are  given at the 
corresponding vertices. 

 

3- regularized  wheel formed from ࢃ૚,૛૛ 
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Total unidomination number of 3- regularized 
wheel formed from W1,22  is 
௧௨ሺ3ߛ െ regularised	wheel	ሻ ൌ ଶଶሻܥ௨ሺߛ ൅ 22

ൌ ඄
22
3
ඈ ൅ 22	 ൌ 8 ൅ 22	 ൌ 30. 

There are 22 total unidominating functions of the 
3-regularized wheel formed from ଵܹ,ଶଶ  having 
the minimum weight 30.			∎ 
Example 4.2:The functional values of a total 
unidominating functions of a 3- regularised 
wheel formed from  ଵܹ,ଵହ		 are denoted at the 
corresponding vertices. 

 

3-Regular wheel formed from  ࢃ૚,૚૞ 

Total unidomination number of the regular wheel 
formed from ଵܹ,ଵହis  
௧௨ሺ3ߛ െ ሻ	݈݄݁݁ݓ	ݎ݈ܽݑ݃݁ݎ ൌ ଵହሻܥ௨ሺߛ ൅ 15

ൌ 20. 
Number of total unidominating functions of the 
3-regularized  wheel formed from ଵܹ,ଵହ having 
the minimum weight 20 are 3.			∎ 
Example  4.3:  The functional values of a total 
unidominating functions of a 3- regularized 
wheel formed from  ଵܹ,଼		 are denoted at the 
corresponding vertices. 

 

3-Regular wheel formed from  ࢃ૚,ૡ 

Total unidomination number of the regular wheel 
formed from ଵܹ,଼is  

௧௨൫3ߛ െ 	݉݋ݎ݂	݀݁݉ݎ݋݂	݈݄݁݁ݓ	ݎ݈ܽݑ݃݁ݎ ଵܹ,଼൯
ൌ ሻ଼ܥ௨ሺߛ ൅ 8 ൌ 12. 

Number of total unidominating functions of the 
3-regular wheel formed from ଵܹ,଼  having the 
minimum weight 12 are 12.			 
 

5.CONCLUSION 
This work gives a scope to find upper total 
unidomination number and the number of 
minimal total unidominating  function with 
maximum weight of a 3-regularized wheel. 
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