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Abstract 
End mills are widely used in industry for 
high-speed machining. End milling cutters 
are  multi-point milling cutters with cutting 
edges both on the face end as well as on the 
periphery, and may be single or double end 
construction . The teeth of the cutter may be 
straight (parallel to the axis of rotation) or 
helical (at a helix angle). The cutter may be 
right-hand (to turn clockwise) or left-hand 
(to turn counter clockwise). The end mills 
have a straight or tapered shank for 
mounting and driving. Traditionally, the 
geometry of cutting tools has been defined 
using the principles of projected geometry 
(2D nomenclature) approach. The current 
work describes in detail the methodology to 
model the geometry of a flat end mill in 
terms of three-dimensional parameters. The 
proposed model defines the end mill in terms 
of three-dimensional rotational angles rather 
than the conventional two dimensional angles. 
Keywords: End mills, Machining, Milling 
cutters,  Three-dimensional rotational angles . 

1.INTRODUCTION 
End mills combine the abilities of end 

cutting, peripheral cutting and face milling into 
one tool. End mills can be used on vertical and 
horizontal milling machines for a variety of 
facing, slotting, and profiling operations. End 
mills can be classified based upon:   

(i)Configuration of end profile - Flat, 
Chamfer, Radius, Ball, Taper, Bull Nose end 
mills and their combinations. 

(ii)Shank type – Screwed parallel shank, 
Plain shank, Weldon shank, Taper shank, 
Whistle notch parallel shank and Combination 
shank. 

(iii)Mounting type - Cylindrical, Cylindrical 
threaded, Cylindrical power chuck, Weldon and 
Weldon threaded. 

Geometry of cutting flutes and surfaces 
of end mills is one of the crucial parameters 
affecting the quality of the machining in the 
case of end milling. In the present work, the 
results of the generic definitions of flat end 
mills proposed by Tandon et al. [1] have been 
further developed, validated and applied for 
finite element analysis. Here, a generic flat end 
mill is modeled as it can be generalized to other 
types of end mills with complex shapes. A 
mathematical model of the geometry of a flat 
end mill is formulated in terms of its surface 
patches using the concept of surface modeling. 
The model is generated keeping in mind that it 
is to be used for direct analysis, prototyping, 
manufacturing and grinding of the cutters. The 
orientation of the surface patches is defined in a 
right hand coordinate frame of reference by 
three-dimensional angles, termed as rotational 
angles. The flutes of the flat end mill are 
modeled by sweeping the sectional profile of 
the cutter along the perpendicular direction. 
Mapping relations are developed between the 
proposed three-dimensional nomenclature and 
traditional two-dimensional (2D)  projected 
geometry based nomenclatures. The output in 
the form of graphical model of the flat end mill 
is shown in OpenGL [2-3] for verification of the 
methodology. Besides, an interface is also 
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developed to directly pull the detailed 
mathematical / parametric definition of the end 
mill in a commercial CAD package for further 
validation (in the form of a solid model). This 
exact solid model is analyzed for static and 
transient dynamic load conditions. Also, the 
advantages offered by the detailed CAD model 
over an approximated CAD model are shown. 
1.1Surface Modeling of Flat End Mill 

The geometry of a flat end mill 
projected on two-dimensional orthographic 
planes with its technical features is shown in 
Figure 1(a) and the sectional view of its flute is 
shown in Figure 1(b). L1 and L2 are the lengths 
of the fluted shank and the end mill respectively. 
Dcand Dsare the cutter diameter and shank 
diameter of the end mill respectively. For an 
endmill, 
  A,  e,  R, 1R and R are axial relief angle, 
end cutting edge angle, radial relief angle, radial 
clearance angle and radial rake angle 
respectively and are shown in Figure 1. The 
geometry of an end mill can be divided into 
three groups, namely 
Geometry of fluted shank. End surface 
geometry. Shank geometry.  
  The fluted shank geometry consists of 
circumferential surface patches formed by 
helical sweeping a profile of a section of the 
fluted shank. The sweep operation is a 
combined rotational and parallel sweep, 
perpendicular to the axis of the cutter. The end 
geometry is dependent on the configuration of 
the flat end profile. A single tooth of a flat end 
mill may be modeled with the help of nine 
surface patches, labeled  1 to  9 as shown in 
Figure 2. They are Rake face (  1 ) , Peripheral 
land (  2 ) ,… Rake face extension (  9 ) . 
Shank geometry of the cutter may be a straight 
shank or tapered shank with surface patches 
modeled as axisymmetric surface of  revolution 
along with a flat end surface 
 
Figure 1: (a) Two-Dimensional Projected 
Geometry of a Flat End Mill 

 
 
 
 

 
 
 
 
          
 

 
 (b) Sectional View of End Mill Flutes 
 
1.1.1Modeling of Fluted Surface Geometry of 
End Mill 

 
Figure 2 (a): Unfolded View of an End Mill 
Tooth . 
 Figure 2 (b): Tip Geometry of a Flat End Mill 

Surfaces 1 to 6 are the surface 
patches on the fluted shank. These surfaces are 
formed when a composite curve in XY plane is 
swept with a sweeping rule, composed of 
combined rotational and parallel sweep, known 
as helicoidal surfaces. Figure 3 shows the 
composite sectional curve (V1...V7) , consisting 
of six segments. Out of these six, three 
segments V1V2 , V2V3and V6V7correspond to 
the three land widths, namely peripheral land, 
heel and face, andare shown as straight lines on 
a two-dimensional projected plane. The other 
three segments V3V4, V4V5and V5V6are 
circular arcs of radii r3, r2and R respectively, 
corresponding tofillet, back of tooth and 
blending surface. The surface patches could 
better be visualized from the unfolded view of 
an end mill tooth (Figure 2 (a)). The tip 
geometry of the flat end mill is shown in Figure 
2 (b). In modeling the cross-sectional profile of 
fluted shank in a two-dimensional plane, the 
input parameters are (i) widths of lands i.e. face, 
peripheral land and heel or secondary land 
given by l1,l2 and l3 respectively, (ii) 3D angles 
obtained to form face ( 1) ,land ( 2) and heel 
( 3 ) about Z axis, (iii) radii of fillet (R) , back 
of tooth (r2) and blending surface (r3 ) , (iv) 
diameter of cutting end of the end mill (Dc ) 
and (v) number of flutes (N ) . The position 
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vectors of the end vertices of different sections 
of the composite profile curve (V1...V7) and 
center points of the three circular arcs (c1 , c2 , 
c3 ) are evaluated  to parametrically model the 
profile curve. 
 
 The cross-sectional profile of a fluted 
section of an end mill consists of three 
parametric linear edges and three parametric 
circular arcs, namely, p1(s) to p6(s) . Edges 
p1(s), p2(s)andp6(s)arestraight,while 
p3(s),p4(s)andp5(s)are circular in two-
dimensionalspace. The generic definition of the 
sectional profile pi (s) in XY plane in terms of 
parameters may be represented by 

 pi(s)��fi1(s) fi2(s) 0 1�. 
 

The fluted surface is obtained by 
combined rotational and parallel sweeping and 
is parametrically described by 
    p(s,) p(s).Ts, where transformation 
 matrix is 
Ts 
 

 
In the above equation, L1 is the length of fluted 
shank for flat end mills, � be the parameter 
denoting the angular movement and P .is the 
pitch of the end mill. 

 
 

 
  
 
 
 
 
 
 
 
Figure 3: Composite Sectional Curve of an End 
Mill Flute 
 

2.Sweeping rules: 
The fluted section of an end mill can 

have right helix or left helix. If the flute's 
spiral has a clockwise contour when looked 

along the cutter axis from either end, then it 
is a right helix else the helix is left [5-6]. For 
a right helix cutter, the cross-section curve 
rotates by an angle +φ about the axis in right 
hand sense. Three different sweeping rules 
can be formulated for the fluted shank and 
the end profile of the cutter. These rules are 
for 
(i) Cylindrical Helical Path 
(ii) Conical Helical Path 
(iii) Hemispherical Helical Path 

 
2.1CylindrIcal Helical Path : 

The path when the composite profile 
curve is swept helically alonga cylinder is 
known as cylindrical helical path. For a helical 
cutter let φ be the parameter denoting the 
angular movement, P the pitch of the helix, Dc 
the cylindrical cutter diameter and L1 the length 
of the fluted part of cutter, then the 
mathematical definition of the helix is 

  …..[1] 
2.2Conical Helical Path –  

The helical path along a frustum of cone of 
cutting end diameterDCand shank side diameter 

DS is defined by 
 

      -----[2] 
This is valid for both types of frustum of cones 
i.e. when DcDs  and when DcDs 

 
2.3.Hemispherical Helical Path –  
The helical path along the hemispherical object 
of diameter Dc is given as 
 

-----[3] 
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3.Mapping Relations: 
In this work, relations to map the proposed 3D 
rotational angles, used to define the geometry of 
the flat end mills, into conventional 2D 
projected angles and vice versa are developed. 
The former is called forward mapping while the 
latter is known as inverse mapping [1]. The 
conventional angles are formed by projecting 
the surface patches of the end mill on planes of 
projection and the traditional geometry of end 
mill can be referred in the literature [5,6 7, 8, ]. 
Table 1 shows the forward mapping relations 
for a flat end mill. The solution of these forward 
mapping relations establishes inverse mapping 
that helps to evaluate the 3D rotational angles if 
tool angles specified by conventional 
nomenclatures are known. Table 2 presents the 
inverse mapping for an end mill. 

 
 
 
 
 
 
 
 
 
 

 
Figure 4: Modeling of Shank 

 
4.Modeling Algorithm: 

Based on the above proposed generic 
definition, the parameters needed to completely 
describe a four-flute helical flat end mill and the 
relevant data for these parameters to exemplify 
the methodology are shown in Table 2.3(a) and 
2.3(b). The algorithm that geometrically models 
a fluted helical end mill based on the proposed 
three-dimensional nomenclature (3D rotational 

angles and other dimensional parameters) is as 
follows: 
Step 1: The composite sectional curve of the 
flute in two-dimensional Cartesian coordinate 
plane, with center of the flat end mill's cross 
section coinciding with global origin is 
generated as described in Section 1.1. 
Step 2: The solid flute is generated by combined 
rotational and parallel sweeping of composite 
sectional curve as illustrated in Section 1.1. 
Step 3: The end geometry of flat end mill is 
formed through Boolean operations on the 
surface patches and the blending surfaces as 
mentioned in Section 1.2.Step 4:The Shank is 
generated by applying Boolean operation on 
surface patches �50  and �51 , and blending 
surface (�50,51) as mentioned in Section 1.3. 
Step 5:   The detailed and complete CAD model 
of the end mill is generated. 
 The details of the implementation 
depend on the specific CAD environment, 
where they are implemented, and are discussed 
in Section  4. 
Table 3(a): Geometric Parameters 
(Dimensional) and Input Data for an End Mill 
 
 

Rotational Angles Value (degrees)
  

�1 -5.0 
  

��2 10.0 
  

��3 20.0 
  

�7 70.0 
  

Helix angle (�) 30.0 
  

 
5.Implementation of Algorithm: 
 The algorithm has been implemented 
in OpenGL environment [9], a general purpose 
graphical modeling kernel, as well as in a 
commercial CAD environment (here, CATIA 
V5) [10-11]. The rendering of the end mill 
cutter (input data as in Table 2.3(a) and 2.3(b)) 
by using the 3D parameters proposed in the 
work, directly in OpenGL and CATIA V5, 
validates the modeling methodology 
5.1Implementationin Open GL 
Environment: 

Here, � is the angle about Z axis and � is 
the angle with XY plane  and the relation
between 
them is, 
��sin�1 

�

1 
� 

P
�
��.  

 � � 

 �

D
c

.
�
� 
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OpenGL is an Application Programming 
Interface (API). It is graphical software that 
uses boundary representations to describe 
models. To directly render the helical flat end 
mill using 3D geometric parameters as proposed 
in this work, a tool design program is developed 
in C programming language. All geometric 
primitives are defined in terms of vertices. The 
3D geometric parameters were supplied as input 
in a text file. The program developed in C easily 
call functions in the API for rendering The 
libraries like GLU, GLX, GLUT, Open 
Inventor, etc, simplify our programming tasks 
for rendering the cutter in OpenGL . The output 
is the rendered image of the flat end mill in 
OpenGL graphical environment as shown in 
Figure 5(a). OpenGL file formats are used for 
rendering purpose only. It is difficult to 
accurately export the rendered image of 
OpenGL file format to a commercial 
CAD/CAE/CAM environment for any 
meaningful technological application. 
5.2Implementation inCommercial  

CAD Environment 
To fully utilize the accurate and 

comprehensive parametric definition of the 
cutter, there is a need to pull this model in a 
commercial modeling package so as to take 
advantages of the tools of the modeler for 
further processing. An interface is developed 
here to directly generate the model in a solid 
modeling environment (CATIA V5) using the 
comprehensive definition of the cutter. This 
leads to a wide range of downstream 
applications. 

CATIA V5 is a commercial solid 
modeler that allows users to create 3D models 
in a Graphical User Interface (GUI). Solid 
models can also be created using Visual Basic 
function calls through an application 
programming interface (API) [12]. A Visual 
Basic, C++ program is developed here that uses 
this API to generate the model of the helical flat 
end mill based on the user defined 3D 
geometric parameters directly in CATIA. The 
model is not created using the GUI of the 
software but uses the parametric definitions of 
the surfaces developed, as described in Section 
2.1. The users can change the geometric 
parameters of the end mill in a custom 
developed user interface and based on the 
chosen parameters, the end mill model is 
directly generated in CATIA modeling 
environment (as shown in Figure 2.5(b)). Using 

the GUI, if one has to create another model for 
a different set of parameters, one has to rebuild 
the model, may be, from scratch. With the 
parametric definitions and the interface 
developed here, the user can create a set of 
models by simply changing the input values. It 
is possible to save the geometric model of the 
end mill in a variety of file formats, including 
CAT PART, IGES, and STL. The CATIA 
implementation gives more control to the user 
because the end mill is modeled directly in a 
modeling environment where further 
modifications and embellishments can be easily 
done. 
Figure 5: Rendering of an End Mill in (a) 
OpenGL environment and (b) CATIA V5 

 
 

 
 
 
 

.  

Dimensional Parameters Values 
  
Number of flutes (N ) 4 

  
Cutter diameter (DC ) 25.0 mm 

  
Length of cutter (L2) 131.0 mm 

  
Length of flutes (L1) 71.0 mm 

  
Root diameter (DR) 21.0 mm 

  
Shank side diameter (DS ) 25.0 mm 

  
Pitch (P) 450.0 mm 

  
Width of primary land (l2 ) 2.0 mm 

  
Width of heel (l3 ) 6.0 mm 

  
Width of rake face (l1) 7.0 mm 

  
Fillet Radius (R) 1.0 mm 

  
Radius of back of tooth (r2 ) 5.0 mm 

  
Radius of blending surface 
(r3 ) 2.0 mm 
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6.Application of Helical Flat End Mill 
Models: 

Numerous technological downstream 
applications may be performed on the geometric 
models of the helical flat end mill cutters 
developed by the above defined technique. One 
such technological application is finite element 
based engineering analysis (FEA) of the end 
mill. This section presents an exercise on FEA 
on the 3D model of the helical end mill. This 
exercise highlights the advantages and utilities 
available, once a comprehensive. 
 3D definition of the cutter is available. 
The purpose here is not to present any detailed 
analysis of the end mill during machining. The 
end mills are generated in CATIA as described 
in Section 2.4.2 and exported to Generative 
Structural Analysis module in CATIA Analysis 
and Simulation package for Structural Static 
and Transient Dynamic Analysis. For the 
accuracy of simulation, the cutting force data 
taken in the work are based on results of the 
cutting tests conducted by Li et al. [13]. For our 
simulation, we have chosen the cutter material 
and the cutting conditions as follows: 
●Cutter: A four-fluted M42 High Speed Steel 
with a helix angle � = 30° and other geometric 
parameters as mentioned in Table 2.3. 
●Material properties of the High Speed Steel 
cutter : It is Molybdenum based high speed steel 
with Weight % of C = 1.05-1.15, Mn = 0.15-
0.40, Si = 0.15-0.65, Cr = 3.50-4.25, Ni = 0.3, 
Mo = 9.00-10.00, W = 1.15-1.85, V = 0.95-1.35, 
Co = 7.75-8.75,Cu = 0.25, P = 0.03, S = 0.03. It 
is an isotropic material with Young’s modulus = 
2.1 
e+11N/m2, Poisson’s ratio = 0.3, density = 
7980 kg/m3, thermal expansion = 1.33 e-005 K 
and tensile strength = 970N/mm2. 
●Work piece: Plain carbon steel which has a 
chemical composition of approximately 0.5% C, 
0.5% Mn, 0.25% Si. 
●Cutting Parameters: Axial depth of cut 12 mm, 
spindle speed 600 rpm, feedrate 240 mm/min i.e. 
the feed per tooth per revolution = 0.1 mm 

The end mill is meshed using parabolic 
tetrahedral elements. The tetrahedral element is 
a ten node iso-parametric solid element having 
3 (translational) degrees of freedom. It has a 
quadratic displacement behavior and is well 
suited to model irregular meshes. Quadratic 
tetrahedral (QT) element is preferred for the 
development of smooth automatic mesh FE 
model for the geometry of complex solid 

models like femur, fluted cutters, etc.. For 
automatic mesh generation, meshes comprising 
entirely of tetrahedral elements (or all-
tetrahedral mesh) are frequently generated as 
opposed to a mesh comprising of purely 
hexahedral elements (or all-hexahedral mesh). 
This is because a physical domain, as in the 
case of geometrically complex structures, 
cannot always be decomposed into an assembly 
of hexahedral elements. It can however be 
easily represented as a collection of tetrahedral 
elements, as these elements are geometrically 
more versatile. Infact, performing FEA using 
QT mesh models is efficient in terms of both 
accuracy and CPU time. Also, QT finite 
element models are more stable and less 
influenced to the degree of refinement of the 
mesh, when modeling complex solids. The 
element also has plasticity, creep, swelling, 
stress stiffening, large deflection, and large 
strain capabilities. The meshing information of 
the end mill is presented in Table 4. Figure 6 
shows the finite element mesh of the end mill 
cutter. The next step is to restrain the end mill 
model by clamping the shank of the tool 
followed by load application. 

For our simulation, load has been 
applied on a single flute in radial, tangential and 
axial directions for an axial depth of 12mm. 
Figure 7 shows the coordinate system and the 
cutting force direction on the flute of the end 
mill cutter. The simulated and measured cutting 
forces in the time domain of two revolutions of 
cutter rotation as worked out by Li et al. [13] is 
shown in Figure 8. Using the cutting forces 
mentioned in Figure 8, the forces acting in 
radial, tangential and axial directions on the end 
mill flute can be calculated from the angle 
domain convolution integral theory mentioned 
by Zheng et al. 
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7.Structural Transient Dynamic Analysis: 
For transient dynamic analysis, only 

time factor has been considered. Vibrations and 
other dynamic factors are not included in this 
work. The transient dynamic analysis is carried 
out for a total time domain of 0.025 sec (for 
cutter angle rotation of 90°), with a time 
interval of 0.005 sec. Table 2.5 shows the forces 
acting on the flute for a time profile of 0.0025 
sec. Figures 12, 13 and 14 shows the result for 
transient dynamic analysis with Von mises 
stress, deformed mesh and translational 
displacement respectively for the applied load. 
For the dynamic case, the result shown is 
maximum equivalent stress of 978 MPa and 
maximum total displacement of 0.0455 mm at 
time 0.015 sec. 

 

 

 

 

 

 
 

8.Results and Discussions: 
This Section highlights the advantages offered 
by the detailed CAD model over an 
approximated CAD model. Figure 15 shows an 
approximated CAD model with one of its flute, 
analyzed for finite element simulation under the 
load conditions at cutter angle rotation (� ) of 
36° (same as for exact CAD model). Using the 
analytical cutting force model and stress 
relationships for end milling operations, 
described by Chiou et al. [14] and Armarego 
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etal. [15], the shear stresses are calculated at 
one of the cutting flutes under the load 
conditions. Table 2.6 presents the values of 
shear stresses calculated analytically as well as 
that obtained by performing finite element 
simulation on the same flute using 
approximated CAD model and detailed   CAD 
model. The analytical values of the shear stress 
are compared with the finite element simulation 
results of the two types of CAD models at �� 
32� and �� 36� . The difference in the values 
of the shear stresses between the analytical and 
two finite element computations is tabulated in 
the form of error analysis in Table 2.6. The 
error analysis proves that the results of the FEA 
simulation on the detailed CAD model are 
closer to the analytical data than the results of 
approximated CAD model. It has also been 
observed while performing the finite element 
analysis using the approximate CAD model that 
the stress values sharply overshoots at some 
points on the cutter flute as shown at the tip of 
cutting edge (Table 6). This may be due to the 
fact that approximate CAD model approximates 
the geometry at certain locations. It is evident 
that the detailed CAD model is consistently in 
better agreement with the analytically 
calculated data rather than the approximated 
model and can lead to accurate design and 
fabrication of the cutters. 

 

 
 

 
 

9.conclusions 

Traditionally, the geometry of cutting tools has 
been defined using the principles of projected 
geometry (2D nomenclature) approach. This 

chapter describes in detail the methodology to 
model the geometry of a flat end mill in terms 
of three-dimensional parameters. The proposed 
model defines the end mill in terms of three-
dimensional rotational angles rather than the 
conventional two dimensional angles. The 
model is validated while rendering the cutter 
directly in OpenGL environment in terms of 
three dimensional parameters. Further, an 
interface is developed that directly pulls the 
proposed three-dimensional model defined with 
the help of parametric equations into a 
commercial CAD modeling environment (here 
CATIA V5). Besides, the modeled tool is used 
for finite element simulations to study the 
cutting flutes under static and transient dynamic 
load conditions. The results show that the 
methodology offers a simple and intuitive way 
of generating accurate surface models for use in 
machining process simulations 
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